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Abstract 

The aim of this paper is to introduce the quantum analogues of torsors for a 
^ compact quantum group and to investigate their relations with representation theory. 

"^ I Let A be a Hopf algebra over a field k. A theorem of Ulbrich asserts that there is 

^^' an equivalence of categories between neutral fibre functors on the category of finite- 

dimensional A-comodules and A-Galois extensions of k. We give the compact quantum 
group version of this result. Let A be the Hopf *-algebra of representative functions on 
a compact quantum group. We show that there is an equivalence of categories between 
*-fibre functors on unitary A-comodules and A-*-Galois extensions with a positive 
Haar measure. Such an A-*-Galois extension has a C*-norm, which furthermore can 
be taken as the upperbound of C*-semi-norms. We then introduce the notion of Galois 
extension for a compact quantum group, for which measure theory can be deduced 
from topology. We construct universal Galois extensions, which enable us to find a 
^12 I nontrivial Galois extension for the unitary quantum group Uq{2). 

(N 

O 

a^ 



1 Introduction 

2 \ A torsor for a group is a space on which the group acts freely and transitively. There is 

an obvious group structure on a torsor. This is no more true for the non-commutative 
analogue of torsor: Galois extensions for Hopf algebras. 

In this paper, we introduce and investigate the notion of Galois extension for a com- 



^ ■ pact quantum group. We mostly will be concerned with the tannakian use of torsors: 



classification of fibre functors on the category of representations of a compact quantum 
group. Moreover, Galois extensions provide new and interesting examples of quantum 
spaces. 

Let A; be a commutative field and let G be a fc-affine group scheme. We know from 



[16 1 or Q that there is an equivalence of categories between symmetric fibre functors on 
the category of representations of G and G-torsors of k. 

The notion of Galois extension for an arbitrary Hopf A;-algebra A is the non-commutative 
version of torsor: an ^-Galois extension of A; is a left ^-comodule algebra for which a cer- 
tain map Z ® Z — > A (8> Z is an isomorphism. Ulbrich ( [|18| , |l9[) then constructs an 
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equivalence of categories between fibre functors on ^-comodules and ^-Galois extensions 
of A;. 

We give here a compact quantum group version of Ulbrich's theorem. Two Hopf 
algebras are said to be Hopf co-Morita equivalent if there is a monoidal equivalence between 
their categories of finite-dimensional comodules. Let ^ be a Hopf algebra. We naturally 
would like to find all Hopf algebras Hopf co-Morita equivalent to A. We know from 
tannakian duality that it is enough to describe the category of fibre functors on finite- 
dimensional A-comodules for this purpose. Ulbrich's theorem, which gives a convenient 
technique to construct fibre functors, and ensures that all fibre functors arise in this way, 
is thus very important in the Hopf co-Morita theory setting. Our version of his theorem 
will have the same role in the Hopf co-Morita theory of compact quantum group (see 4.5 
for the precise definition). A good understanding of Hopf co-Morita theory is certainly a 
necessary step towards an abstract duality for compact quantum groups in the spirit of 
Doplicher and Roberts ([^). 

In this paper, we use the following definition (5.3) (equivalent to the classical ones 
[Pq , gj, 1^, ^]): a compact quantum group is a pair {A, ||.||) where ^ is a Hopf *-algebra 
and ||.|| is a C*-norm on A such that the comultiplication is continuous. The Hopf *- 
algebra A is called the algebra of representative functions on the compact quantum group. 

A Hopf *-algebra is called unitarizable if every A-comodule is isomorphic to a unitary 
one. One of the main results in quantum group theory (mainly due to Woronowicz, but 
also to Van Daele in full generality) is that the Hopf *-algebra of representative functions 
on a compact quantum group is unitarizable ( pi| , |2^ , |2q|). Conversely, any unitarizable 
Hopf *-algebra gives rise to a compact quantum group (see [Q, |^], a unitarizable Hopf 
*-algebra is a CQG algebra in the sense of |^). 

Let A be a unitarizable Hopf *-algebra. Denote by Uf{A) the monoidal *-category 
of unitary A-comodules. The category Uf{A) may be seen as the category of unitary 
representations of the quantum groups whose algebra of representative functions is A. A 
*-fibre functor on L{f{A) is a monoidal *-functor rj : Uf{A) — > Ti (the category of finite- 
dimensional Hilbert spaces) whose monoidal functor constraints r]{V)®'qiyV) ^^ r](y®W) 
and C ^^ ^(C) are unitaries. A *-fibre functor is a special fibre functor. 

We show that there is an equivalence of categories between *-fibre functors on Uf{A) 
and A-*-Galois extension with a positive Haar measure, by using an adaptation of Ulbrich's 
functor [|^]. Our result, although related to representations of compact quantum groups, 
is stated in a purely (*)-algebraic way. This is not a surprise. Indeed, the reconstructed 
object in the Woronowicz- Tannaka-Krein theorem for compact quantum groups (||2^) is 
the algebra of representative functions on the compact quantum group with its maximal 
C*-norm, not the a priori given C*-norm. 

Next, we construct a C*-norm on an A-*-Galois extension with a positive Haar mea- 
sure, and show that the upperbound of C*-semi-norms exists. The notion of Galois exten- 
sion for a compact quantum group is then introduced, without postponing the existence 
of a Haar measure. We construct the positive Haar measure on these Galois extensions. 



Using our results, we find another proof of a theorem from Doplicher-Roberts: a 
symmetric *-fibre functor on the category of unitary representations of a compact group 
is unique up to unitary isomorphism (1^). 

The universal C*-algebras On,p generated by an unitary (n,p)-matrix arise naturally 
in the context of Galois extensions (in the case p = I, one gets the Cuntz algebras |5|). 
They are closely related to the property for a *-fibre functor to preserve dimensions of the 
underlying vector spaces. 

We also define universal Galois extensions (in the spirit of Van Daele and Wang |p3| ) , 
useful to show the existence of Haar measures. They allow us to find a non trivial Galois 
extension for the quantum group Uq{2) (unitary quantum group), and hence a non trivial 
*-fibre functor on its category of unitary representations. 

Our work is organized as follows. In section 2, we review the material on Galois 
extensions and Ulbrich's theorem. The inverse functor is described in a different way from 



[19|. Our inverse functor is inspired from the tannakian theorem |2C]. We find a non-trivial 
Galois extension for GLq(2), which will be used to construct a Galois extension for Uq{2) in 
section 6. In section 3, we review some facts on unitary comodules, ^-categories and *-fibre 
functors. Section 4 is devoted to the equivalence of categories between Galois extensions 
and *-fibre functors. In section 5, We construct C*-norms on our Galois extensions and 
we define the notion of Galois extension for a compact quantum group. We also give 
our proof of Doplicher-Roberts' unicity theorem. In section 6, we define universal Galois 
extensions. 

Notations 

All algebras will have units. 

Let A = (A, m, u, A, e, S) be a Hopf A:-algebra. The multiplication will be denoted by 
m, u : k ^> A is the unit of A, while A, e and S are respectively the comultiplication, the 
counit and the antipode of A. 

Let us denote by Co/(^) the category of finite-dimensional (right) ^-comodules. When 
y is a (right) ^-comodule, we denote by ay '■ V — > V <^ A the coaction. The category of 
finite dimensional A;- vector spaces will be denoted by Vectj(/c). Galois extensions will be 
left 74-comodule algebras. By an A-Galois extension we will mean a left j4-Galois extension 
of A; as in 0, [|, |l|. 

We refer the reader to |Q, 10 1 for the definitions of monoidal categories, monoidal 



functors and for tannakian duality. 
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2 Galois extensions 

In the whole section A will be a Hopf algebra over a commutative field k. We will denote 
by uj : Cof{A) — > Vect f{k) the forgetful functor on finite-dimensional A-comodules. 

2.1 Galois extensions and fibre functors 

Let G be a group. A (left) G-space X is said to be a G-torsor if G acts freely and 
transitively on X. The G-space X is a G-torsor if an only if the following map is a 
bijection: 

GxX — > X X X 
{g,x) 1 — > {gx,x). 

This observation motivates the following definition (the terminology comes from classical 
Galois theory, see p 



Definition 2.1.1 A non-zero (left) A-comodule algebra Z is said to be an ^-Galois ex- 
tension if the linear map: 

(1a «) mz) o {az Iz) ■■ Z (g) Z — > A(g)Z 

is an isomorphism. 

The category of 74-galois extensions, denoted Gal{A), is the category whose objects are 
A-Galois extensions and whose morphisms are A-colinear algebras morphisms. 

Example 2.1.2 The Hopf algebra A is naturally an A-Galois extension, with coaction 
defined hy A : A — > Ai^ A. 



Definition 2.1.3 A monoidal functor r] : Cof{A) — > Vectj(/c) is said to be a fibre functor 
on Co f{A) if it is exact, k-linear and faithful. 

The category of fibre functors on Cof{A), denoted Fih{A), is the category whose objects 
are fibre functors on Co/ (A) and whose morphisms are morphisms of monoidal functors. 
The set of morphisms between fibre functors r] and rj' will be denoted by Hom®(?7, ry'). 



Remark 2.1.4 A morphism between fibre functors is necessarily an isomorphism (see 
or fR 



2.2 Ulbrich's theorem 

Let Z be an A-Galois extension of k. Let us recall how a fibre functor is constructed from 
Z (in |jl8|, |l^], Galois extensions are right comodule algebras and give rise to functors on 
left comodules). 

Let us define r\z '■ Cof{A) — > Vect f{k) by rjz{V) = V A Z, where V A Z is the kernel 
of the double arrow: 

av0lz, lv®az : V ® Z ^V ^A^ Z 



and by rjzif) = /(X) Iz for / € Homcof(A)(^; ^)- We know from |18, 19 1 that r]z is a fibre 
functor. When Z = A, then r]A is isomorphic to the forgetful functor. For two comodule 
V and W , the functor ial isomorphism 

{V AZ)(^{W A Z)'=^{V ®W)AZ 

is induced by the linear map v ^ zi w ^ Z2 i — > v <Si w ® ziZ2. 

If <j) : Z — > r is a morphism of j4-Galois extensions, a morphism of fibre functors 
</>* : i]z — *■ Vt is defined by letting cf)^ = 1 (p. 

We have just defined a functor Gal(^) — > Fib(yl). The following result is proved in 



Theorem 2.2.1 (Ulbrich) The functor Gal{A) — *• Fib(A), Z i — *• rjz, is an equivalence 
of categories. 

In subsections 2.3 and 2.4, we give a method to construct the quasi-inverse functor. It 
is different from [^]: it is inspired by [20| and will be useful in the sequel. 



2.3 The Hom^ construction 

Let r] : Cof{A) — > Vectj(/c) be a fibre functor, and let oj be the forgetful functor. 

Let M be the subspace of ©yeCoffA) Hom(Lij(y), r]{V)) generated by ri{f)ov — vouj{f), 
with / G Homcof(A)(K^) and v G Hom(a;(iy), r?(y)). 
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We define (Ig, sec. 3): 

Hom^(77,a;)= }loni{uj{V),i]{V))/M . 
V(iCoj{A) 

If u € Hom(a;(y),r/(y)), we denote it by \y,v\ in IIom^(?7,a;). Let Hom^(a;, w) = End'^(a;) 
We know, for example from jl^, that A = End^(a;) (tannakian reconstruction of A). 
Let us recall (0], sec. 4) that there is a linear map 

6 : Hom^(7/,tj) — > End'^(aj) (8) IIom^(r/,u;) 



which endows Hom^(r/, w) with a left End^(Lij)-coniodule structure and hence an A- 
comodule structure (since ^^^End^(Li;) = }iom^ {to , to)) . The map 5 is defined in the 
following way: 6{[V,(f>iSix]) = ^ ^ [F, (8) "Wj] (8) [V, v* (^ x] , with V an ^-comodule with basis 
vi, . . . ,Vn, (j) & V* and x € ilCV). 

Moreover Iiom^{r],uj) can be endowed with an algebra structure: 

[V, v].[W, w] = [V iSi W, rjv,w oiv^ w)] 

where rjv,w '■ vi^) ® ijiW) — > rj(y (8> W) is the isomorphism given by the fibre functor r/. 
It is easy to check that Hom'^(r/,a;) is an End^(a;)-comodule algebra. 

Finally, let us see that Hom'^(r/,u;) is End'^(w)-Galois extension. There is a linear 
map (||l^, sec. 4) 5' : End^(w) — > Koin^ {r],uj) (g) Hom^(a;,7/) and an "antipode" S' : 
}ioTa^ {uj , r]) — > Hoto^ {rj , uj) induced by duality (cf. |£0| for the idea of construction ). 
The linear map: 



End'^(a;)(8)Hom'^(r/,u;) 

— > Hom'^(?7,u;) ^ YLoin^ (to , rj) (8) Hom^(r/, w) 

— > Hom (?7, Lj) (g) Hom [r], to) ® Horn. {r],uj) 
— > Hom'^(r/,u;) (SiHom^ {7],lo) 

is inverse of the arrow (2.1.1) and hence Hoin^ {ri,uj) is a Galois extension. 

If 6 is another fibre functor and u : r] — > is a morphism of fibre functors, a morphism 
of j4-Galois extensions / : IIom^(7/,tj) — > IIom^(^,a;) is defined by /([y,f]) = [y,uy ou]. 

We have just defined a functor Fib(j4) — > Gal(j4), r] i — > Hom^ {ri,uj). 

2.4 Sketch of proof 

Let us show that the functors 2.2 and 2.3 are quasi-inverse. Let 9 a fibre functor on 
Co/(^), and let ^Hom^fe.oj) the fibre functor defined in 2.2. There is (see |1C], sec. 4) a 



functorial morphism 7 : 9 — > uj ® Hom (0,u;). It is easy to check that 7 gives rise to a 
morphism of fibre functors 9 — > ??Hom^(e,aj)) which is an isomorphism (remark 2.1.4). 

Let Z be an A-Galois extension. The universal property of the Hom^ ([|lQ], sec. 4, 
prop. 3) gives rise to an extension morphism lA^ova^ {rjz-, oj) — > Z which is an isomorphism, 
(see ||lO|| , sec. 6, minimal models for injectivity. For surjectivity, one has to remark that 
every z oi Z belongs to the range of the map evSilz '■ (V* 0V) /\ Z ^ Z, where ev is the 
evaluation map, for some finite-dimensional j4-comodule V). 

2.5 The spectrum of a Galois extension 

Let 7] : Cof{A) — > \ect f{k) be a fibre functor. To any u G Hom(?7,LL') (natural transfor- 
mation from 7] to uj) is associated a linear form /„ on Hoin^ {r] , uj) in the following way : 



fui[V, v]) = Tt:(uvov). We get in this way a linear isomorphism Hom(r7, uj) — >Hom^(?7, to)* 
(see [|lO[, sec. 3) which induces another isomorphism: 



Hom® {r],uj) — >Hom;j_alg (Hom^ (77, w) , /c) 
where Hom®(ry,a;) is the set of morphisms of fibre functors r/ ^ (j. 

2.6 Hopf co-Morita equivalence 

Definition 2.6.1 Two Hopf k- algebras are said to be Hopf co-Morita equivalent if their 
(right) finite- dimensional comodules categories are monoidally equivalent. 

Let Tj : 00/(^4) — > Yect f{k) be a fibre functor. Let End^(?7) be the Hopf algebra 
created by tannakian duality (constructed in the same way as in 2.3). We know from ||l^ 
or y] that rj factorizes through a monoidal equivalence fj : Co j {A)^^^Cof(End^ (rj)). 
This means that A and End^(ry) are Hopf co-Morita equivalent. Moreover the Hopf 
algebras A and End^(r/) are isomorphic if and only if there is a monoidal equivalence 
F : 00^(^4) — > Cof{A) such that the fibre functors rj o F and uj (forgetful functor on 
Co/(^)) are isomorphic. Conversely, any Hopf co-Morita equivalence for A induces a fibre 
functor on Cof{A). 

A method to construct End^(r7) using the Galois extension associated to rj rather than 



rj itself is given in [17|. 



2.7 A Galois extension for GLq(2) 

The Hopf algebras GLp^q{2) and GLpi^qi{2) are Hopf co-Morita equivalent when pq = p'q' . 
In particular the Hopf algebras GLq[2) and GL^q{2) are Hopf co-Morita equivalent. This 



fact is proved in Q with the use of quantum groupoids ([14])- We find this result again 
by using Galois extensions. 



Let /c be a commutative field. Let us recall that GLq{2) (|T^) is the quotient of the 
free algebra k{xu,xi2,X2i,X22,t} by the two-sided ideal generated by the relations: 

a^i2a;ii = qxnxi2, a;2ia;ii = qxuX2i 

a^22a;i2 = g2;i2a;22, 2:222:21 = ^2:21X22 

Xl2a;21 = 2:21X12, X11X22 - X22X11 = {q^^ - g)xi2X21 

Xnt = tXii, X22t = tX22, Xi2t = tXi2, X2lt = tX2l 

(X11X22 - g~"^Xi2X2l)t = 1 



Definition 2.7.1 The algebra GLq{2,—2) is the universal algebra with generators z\\, 
-212) -221) -222; ^ o^^d relations: 

Z12Z11 = -qziizi2, Z21Z11 = qziiZ2i 

Z22Z12 = QZ12Z22, Z22Z21 = —qZ2lZ22 

Z12Z21 = -Z21Z12, Z11Z22 + Z22Z11 = (q- q~^)zi2Z21 

ZllT = -TZll, Z22T = -TZ22, Z12T = —TZ12, Z2\T = -TZ2I 
{ZIIZ22 + q~^Zi2Z2l)T = 1 

It is easy to check that Homfc_aig(GLq(2, —2), fc) = and that GLq{2, —2) is a non-zero 
algebra. Direct computations lead to the following lemma: 

Lemma 2.7.2 The algebra GLq{2,—2) is a left GLq{2)-com,odule algebra with coaction 
a : GLq{2, —2) -^ GLq{2) (g)GLq{2, —2) defined by a{zij) = Ylk^ik ® Zkj and a{T) =t(^T. 

We want to show that GLq{2, —2) is a GLg (2)-Galois extension. For this purpose we 
introduce another algebra GLq{— 2,2). 

Definition 2.7.3 The algebra GLq{ — 2, 2) is the universal algebra with generators in, ti2, 
^21; ^22; C o,nd relations: 

ti2hi = qtiiti2, t2itu = —qtut2i 

^22*12 = —qh2t22, ^22*21 = (7*21*22 

*12*21 = — *21*12, *11*22 + *22*11 = {q — '7)^12*21 

hlS, = -S,tll, tl2C = -?*12, hlS, = -S,t21, ^22? = -S,t22 

(^11*22 - q~'^h2t2l)S, = 1 

Direct computations give the following two lemmas: 

Lemma 2.7.4 There is a morphism of algebras 5 : GLq{2, k) — > GLq{2, —2)0GLq{—2, 2) 
defined by 6{xij) = ^^ Zik (8) tkj and 6{t) = t (^ ^. 



Lemma 2.7.5 The algebras GLq(2, —2) and GLq{— 2,2) are anti-isoniorphic via the map 
4> : GLq{-2, 2) — > GLq{2, -2) defined by (pitu) = Z22T, 4>{ti2) = qrzu, '/'(t2i) = q'^Z2iT, 

4>{t22) = TZll and 4){i) = Z11Z22 + q~^Zi2Z2l. 



Let us define a linear map GLq{2) ® GLq{2, -2) — > GLq{2, -2) GLg{2, -2) to be 
the composition of tlie maps: 



GLg{2) GLq{2, -2) ^ GLg{2, -2) ® GLg(-2, 2) ® GLg{2, -2) 

i®^i ^^^^2, -2) GL,(2, -2) ® GLg(2, -2) 
l®!5GL,(2,-2)^GLg(2,-2) 



z = ( 1 is invertible and its inverse is the matrix: 



It is easily seen that this map in inverse from the map 2.1.1. Indeed the matrix 

ZU Zi2 
Z21 Z22 

(Pihl) (Pitl2) \ ^ ( ^22T qTZi2 

4>{t2l) 4>{t22) ) V 9""^^2lT TZii 

Hence the algebra GLq{2,—2) is GLg(2)-Galois extension and is non-trivial since 
Homfc_aig(GLq(2, —2), k) = 0. The associated Hopf co-Morita equivalent Hopf algebra is 
GL_q(2). Indeed, one can show in the same way GLg(2, —2) is a right GL_g(2)-comodule 
algebra and is a right GL_g(2)-Galois extension. Therefore GLq{2,—2) is a GLq{2) — 
GL^q{2) bigalois extension ([|l^, 3.4) and GLq{2) and GL_q(2) are Hopf co-Morita equiv- 
alent by [O], 5.7. A method to produce GL_g(2) from the data {GLq{2),GLq{2, —2)) is 
given in ||l7|| . 

Remark 2.7.6 The Hopf algebras SLq{2, C) et SL_q(2, C) {q not a root of unity or q = I) 
( pill ) are not Hopf co-Morita equivalent. Let us explain this result very briefly. 

Let r/ be a fibre functor on Co/(S'Lq(2,C)) such that End^(r/)^^5L_q(2,C) and let 
Vq be the obvious 2-dimensional comodule associated to SLq{2,C). The decomposition 
of tensor products of irreducible S'Lg(2,C)-comodules ([|ll|, |2|) shows that r]{Vq)^—>-V-q. 
Let us denote by Rq the fundamental Yang-Baxter operator of SLq{2, C) ([0], VII. 7). An 
eigenvalue argument shows that r]{Rq) = —R-q (with an obvious abuse of notation). It 
follows that we can find relations in Hom^(?7, a;): there are generators {zij)i<ij<2 satisfying 
the relations of GLq(2, —2), with the exception that the element Z11Z22 + q~^zi2Z2i must 
be a non-zero constant. But this element is not central, hence Houi^ {ij , uj) = 0, which 
contradicts the existence of the fibre functor ry. 

3 Unitary comodules 

In the remainder of the paper we assume the base field to be the field of complex numbers. 

3.1 Hopf *-algebras and conjugate comodules 

Definition 3.1.1 A Hopf *-algebra is a Hopf algebra A which is a *-algebra in the usual 
sense and such that the comultiplication A : A — > A0 A is a *-hom,omorphism. 



It is well known that e is a *-lionioniorphisni and that So*oSo* = id. 

Notations. Let V be a complex vector space. The conjugate vector space of V will be 
denoted by V. The canonical semi-linear isomorphism V — > V will be denoted by jv- 
The canonical identification V — > V will be denoted by ^y ; with fiy = jy ° Jv ■ 

Definition 3.1.2 Let A be a Hopf *-algebra and let V be an A-coniodule with coaction 
ay : V — > V ® A. The conjugate comodule of V is the vector space V endowed with the 
coaction ay : V — > V ^ A defined by ay = {jy ^ *) o ay o jy : V — > V ^ A. 

The canonical identification fiy : V — *• V is an isomorphism of comodules. For every 
/ G Homco (^)(F, 14/^), the conjugate map / = jw o f o jy : V — > W is also a map 
of comodules. Thus conjugation induces a semi-linear endofunctor on Cof{A). Finally, 
let us note that for all comodules V et W, there is a natural monoidal isomorphism 

'yv,w '■ V i^W — > W i^V, V 1^ w I — > W^v. 

3.2 ^-Categories 

A finite-dimensional Hilbert space is a pair (y,(j)y) where ^ is a finite-dimensional vector 
space, and <f>y : V ^V — > C is a scalar product. Let us remark that in our conventions, 
the scalar product is linear in the second variable. By abuse if notation, we sometimes 
write V for the pair {V, (py). 

The category TC of finite-dimensional Hilbert spaces is the category whose objects are 
finite-dimensional Hilbert spaces and whose maps are linear maps. 

Definition 3.2.1 (^). A *-category is a C-linear category C, endowed with a semi- 
linear involutive contravariant functor * : C ^ C, which preserves objects and satisfies the 
following two conditions: 

1) Let X and Y be objects of C and let f € iioinc{X,Y). There is an element g € 
Homc(X, X) such that f* o f = g* o g. 

2) For every morphism f of C, the condition /* o / = implies / = 0. 



Example 3.2.2 Endowed with the usual adjoint the category ?-^ is a ^-category. 



Definition 3.2.3 Let C and C be *-categories. A *-functor F : C — > C is a linear 
functor such that F{f*) = F{f)* for every morphism f of C. 
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3.3 Monoidal ^-categories and unitary comodules 

Let {V,(j)v) and {W,(j)w) be finite-dimensional Hilbert spaces. Their Hilbert space tensor 
product is the Hilbert whose underlying vector space is V ^W and whose scalar product 
4>v^w is given by 

<Pv^w = (pw ° (Ivy fSKpv '^ ^w) ° i7v,w ® ly "S) Iw) 

(the map ^v,w is defined at the end of 3.1). Endowed with this tensor product 7^ is a 
monoidal category. 

Definition 3.3.1 A monoidal *-category is a *-category C, which is a monoidal category 
and such that for any morphisms f and g of C, we have (/ (8) g)* = f* ® g* ■ 



Example 3.3.2 The category 7^ is a monoidal *-category. 

Let iy, (pv) be a finite dimensional Hilbert space. Let Ky '■ C — > V CS)V he the linear 
map defined by kv{1) = Yli ^« ®'^i where (cj) is an orthonormal basis of V. Then 

(ly (8) (pv) ° {i^v ® ly) = ly and {(pv <8) ly) o (1^ (g) Ky) = ly. 



This means that the triplet (F, (/)y,«;y) is a left dual for V in H ([|10[, sec. 9). Therefore 
7^ is a rigid monoidal category. 

Definition 3.3.3 Let A be a Hopf *- algebra. A (finite- dimensional) unitary A-comodule 
is a Hilbert space {V, (py) whose underlying vector space V is an A-comodule and such that 
(pv '■ V ^V — > C is a map of comodules. 

The category of unitary yl-comodules, denoted Uf{A), is the category whose objects 
are unitary A-comodules and whose maps are maps of comodules. 

An obvious monoidal structure is defined on Uf{A). Let (y,(?!)y) be an unitary A- 
comodule. The linear map Ky : C — > V iSiV defined before is a map of comodules. Hence 
ii f : V ^f W is a map of unitary comodules, then /* = {ly ®4'w)°{'^V ® f 'S'lw)°{'^V "^^w) 
is also a map of comodules. 

Conclusion: Uf{A) is a rigid monoidal *-category. 

Definition 3.3.4 Let A be a Hopf *-algebra. A finite- dimensional A-comodule V is said 
to be unitarizable if there is a scalar product (j)y on V such that (V^cpy) ^-5 « unitary 
A-comodule. 



Definition 3.3.5 A Hopf *- algebra A is said to be unitarizable if every finite- dimensional 
A-comodule is unitarizable. 
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Example 3.3.6 The Hopf *-algebra of representative functions on a compact quantum 
group is unitarizable (see 5.3.1). Unitarizable Hopf *-algebras are called CQG algebras in 
[^. A Hopf *-algebra is unitarizable if and only if there is a positive and faithful Haar 
measure on it (|0], 3.10, in fact faithfulness of the Haar measure can be deduced from the 
other axioms: see [E2i). 



Let us remark that if A is a unitarizable Hopf *-algebra, the inclusion functor Uf{A) C 
Co/(^) is an equivalence of categories. 

3.4 *-Fibre functors 

Definition 3.4.1 Let A be a unitarizable Hopf *-algebra. Let i] be a monoidal *-functor 
Uf{A) — > Ti. The functor rj is said to be a *-fibre functor on Uf{A) if the following 
isomorphisms (the monoidal constraints of rj) are unitary isomorphisms: 

m-.C — >r/(C) ; vv,w ■■ Viy) <^ viW) — >t]{V^W). 



Example 3.4.2 The forgetful functor uj : Uf{A) — *• 7Y is a *-fibre functor. 

Let us show that a *-fibre functor is a particular fibre functor. The categories Uf{A) and 
Cof{A) are monoidally equivalent and thus a *-fibre functor induces a monoidal functor 
(still denoted r]) rj : Cof{A) — > Vect/(C). The theory of orthogonal complements shows 
that Co/(^) is semisimple. Hence every ^-comodule is a direct sum of simple comodules 
(comodules V such that End(y) = C). The functor rj is linear and therefore it preserves 
direct sums and is faithful and exact. 

Definition 3.4.3 Let A be a unitarizable Hopf *-algebra. Let r] and rj' be * -fibre functors 
on Uf (A) . A monoidal unitary isomorphism u : r] ^ t]' is a monoidal morphism between 
rj and rj' such that for every object V ofUf{A), the map uy ■ rjiV) — > r]'{V) is unitary. 
The set of monoidal unitary isomorphisms between rj and rj' will be denoted by U'^{rj,rj'). 
The category of *-fibre functors on Uf{A), denoted Fib*(^), is the category whose objects 
are *-fibre functors on Uf{A) and whose morphisms are monoidal unitary isomorphisms. 

3.5 An important Remark 



We end this section by an important remark from [25|, which will be useful in the next 
section. 

Let (y, (pv) and {V', (pv') be Hilbert spaces and let k : V ^^ V he a semi-linear bijective 
map. Let a = k o jy : V ^>- V he the associated linear isomorphism. Let us define two 
linear maps (fH], p. 39) tk : V (S)V ^ C and tk : C ^ V ^V hy tk = (l)v o {a'^ ® ly) 
and tfc = (ly ® a) o Ky. A direct computation shows that t^-i = (tfc)* and tj^-i = (tk)* ■ 
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4 Galois extensions and *-fibre functors 

Let A be a unitarizable Hopf *-algebra. Theorem 4.3.4 states the equivalence of categories 
between *-fibre functors on Uf{A) and 74-*-Galois extension endowed with a positive Haar 
measure (see the definitions given in 4.1 and 4.2). The key results to construct the quasi- 
inverse functors are proposition 4.3.1 and 4.3.3. The end of the section is devoted to 
spectrum of an ^-*-Galois extensions (4.4) and to Hopf =f:-co-Morita equivalence (4.5). 

4.1 *-Galois extensions 

Definition 4.1.1 Let A be a Hopf *- algebra and let Z be an A-Galois extension which is 
*-algebra and whose coaction az : Z ^> A® Z is a *-homomorphisni. Then Z is said to 
be an j4-*-Galois extension. 

We will see in the proof of proposition 4.3.1 that if Z is an A-*-Galois extension, the 
associated fibre functor (2.2) preserves conjugation. 

4.2 The Haar measure 

Definition 4.2.1 Let A be a Hopf algebra over a field k and let Z be an A-Galois exten- 
sion. A Haar measure on Z is a linear map fj, : Z ^ k such that uao fi = {1a (8) /u) o az 
and /i(lz) = Ifc- 

If Z = A, a Haar measure on A is a Haar measure in the usual sense ([|l|). A Haar 
measure J on ^4 is unique and right invariant: (J (8) 1^) o A = ua o J- There is a Haar 
measure on A if and only if the category Co/ (A) is semisimple. 

Proposition 4.2.2 Let A be a Hopf algebra endowed with a Haar measure and let Z be 
an A-Galois extension. There is a unique Haar measure on Z. 

Proof. Existence. Let / be a linear form on A such that f{lz) = Ifc and let J be a Haar 
measure on A. An easy computation shows that J * f = ( J /) o az is a Haar measure 
on Z. 

Uniqueness. Let J be a Haar measure on A. The right invariance of J implies that 
0(z ° {{J "Si Iz) ° Oiz) = UA ® '^z ° {{J ^ Iz) o Oiz)- Therefore for all z G Z, we have 
(J iX) Iz) o az{z) G k since k A Z = k. Thus if n and n' are Haar measures on Z, we have 
fi = J * fj, = J * fi' = fi' . D 

Definition 4.2.3 Let A be a Hopf *-algebra and let Z be an A-*-Galois extension. A 
Haar measure fi on Z said to be positive if n{z*z) > for all z. It is said to be faithful if 
H{z*z) > for all z / 0. 

Let A be a Hopf *-algebra. There is a positive Haar measure on A if and only if A is 
unitarizable (combine [^, 3.10 and p^). 
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Definition 4.2.4 Let A be a unitarizahle Hopf *-algebra. The category Gal* (A) is the 
category whose objects are A-*-Galois extension with a positive Haar measure and whose 
morphisms are ^-homomorphisms which are morphisms of A- Galois extensions. 

The following result shows that the positivity condition on the Haar measure is not 
restrictive when we have a view towards compact quantum groups. 

Proposition 4.2.5 Let A be a unitarizable Hopf *-algebra and let Z be an A-*-Galois 
extension. Assume that there is a positive linear form on Z (ip{z*z) > for all z) such 
that ■0(1) = 1- Then there is a positive Haar measure on Z. 

Proof. Let J be a positive and faithful Haar measure on A (Q, 3.10) and let // = J * "0 = 
(J® V) °Q^z be the Haar measure on Z. Let z ^ Z with a^(z) = X] "^j ®ti. Endowed with 
the scalar product (o, h) = J{a*b), then A is a prehilbert space. One can assume that the 
Oj's are orthonormals. Hence iJ,{z*z) = ^ ip{t*ti) > and ^ is a positive Haar measure on 
Z. D 

4.3 The equivalence of categories 

In the next result, Ulbrich's functor (2.2) is adapted to our setting. 

Proposition 4.3.1 Let A be a unitarizable Hopf *-algebra and let Z be an A-*-Galois 
extension endowed with a positive Haar measure. Let rjz '■ Co/(^) — > Vect/(C) be the 
associated fibre functor (2.2). Then r]z factorizes through a *-fibre functor r/J" : Uf{A) — > 
7i followed by the forgetful functor. 

Proof. Step 1. Let V be an j4-comodule. We are going to define an isomorphism 



\v -V ^Z — >V ^Z. Let Ay \y,i Vi ^ Zi) =12iVi® z*: we have XyiV A Z) cVAZ 
since az '■ Z — > A^ Z is a *-homomorphism. It is easily seen that Xy is an isomorphism. 
Step 2. Let {V,(j)v) be a unitary ^-comodule. We are going to define a scalar product 
on V A Z. Let 0y be the linear map: 



Av^®! Y7 . rz ^ jr . ry iTt ^ t r\ a rz 0V®lz 



V AZ^V AZ ^^ V AZ®V A Z^=^{V (^V)AZ ^"^-^^ C A Z^C. 
Let us show that (f)y is a scalar product on V A Z. Choose (f j)i<j<n an orthonormal 
basis of V (with respect to cpy) and let z = Yli'^i "^ ^i ^^'^ ^' — Si ^« ® ^i ^^ ^^^ 
elements of ^ A Z. Then (/>y(z i^ z') = a where {'^iZ*z'^) = alz with a G C since 
C A Z^^^C Thus if fi denotes the Haar measure on Z, we have cpyi'^ '^ ^') — A*(l^i ^1^1), 
and hence </>y(z (g) z') = (j)'y{z' (8) z) and (j)'y{^® z) >Q since /i is positive. The linear map 
V A Z ^f {V A Z)* induced by (p'y is bijective since it is the composition of the following 
isomorphisms: 



A 



V AZ ^^V A Z — >{V* A Z) — >{V A Z)* (the last map is given by the unicity up to 
isomorphism of the dual in a monoidal category) . 
It follows that (j)'y is a scalar product since it is sesquilinear, positive and non-degenerate. 
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A functor ry^ : Uf{A) — > TC is thus defined in the following way : ryf (T^) = {V AZ, (py) 
and7?|(/) = /^lz. 

Step 3. Let us show now that ryf is a *-functor. Let (F, ^y) and {W,(J)\y) be unitary A- 
comodules and let f : V — > W hea map of ^-comodules. Let us recall that rf^{f) = f'S'lz 
and that rj'^if)* is the only linear map such that 



(t>W ° iVzif) ^ ^VziW)) = (t>V ° (lr,z(V) ® VzifY 



We have ^§(/) = A^^ °^^(/) ° Ay (Ay is defined in step 1), and an easy computation now 
shows that r/|(/*)=7?|(/)*. 

Step 4. It remains to prove that the isomorphisms C^^CAZ et {V AZ)®{WAZ)^^{V0 
W) A Z are unitaries. For the first one, it is obvious. Let (F, (/>y) and {W,<l)w) be unitary 
^-comodules with orthonormal bases (fi)i<i<n and (tL'j)i<j<„' respectively. Let {(Ts)i<s<p 
and (Tj.)i<r<p' be orthonormal bases of V A Z and W A Z respectively: as = X^j^^i ® Zis 
and Tr = J2i "^i ^ ^ir- We have Yli ^is^is' = ^ss' and ^^ t*rijr' = ^rr'- It is then easily seen 
that the isomorphism (V A Z) ^ {W A Z) — > {V ® W) A Z preserves orthonormal bases 
and therefore is unitary. D 

The following lemma is useful to describe the Haar measure on a Galois extension. 

Lemma 4.3.2 Let A he a Hopf algebra over an algebraically closed field k and let rj : 
Cof{A) — > Vectj(/c) be fibre functor. Assume that there is a Haar measure on A 
(Cof{A) is semisimple). Let us denote by A the set of isomorphism classes of irreducible 
A-comodules and choose for every \ ^ A a representative V\. Then there is a linear 
isomorphism I : ^^^^}ioui{uj{Vx),7]{Vx))^^^iiom^ {7],uj). 

Proof. The map / is defined as follows: if f G }ioin{uj{V\),ri{Vx)), let L{v) = [Vx, v]. IfV 
is an object of Cof{A), there are elements Ai, . . . , A„ of ^4 such that V = 0"=^ Vx^. Let 
Ui '■ Vx^ — ^ V and pi : V — > Vxi be the arrows of direct sum. Let v € Hom(c<;(y),r/(y)), 
then [V,v] = [V,ri{J2i Ui o Pi) o v] = Ylil^Xi^viPi) ° v o m], therefore / is surjective. 

Let X £ A and let v G }ioin{rj{Vx),uj{Vx)). It is easy to see that there is an element 
u from Hom(r/,a;) such that uy^ = v and uy^ = if ^ 7^ A. Let x = X^J^Ajj^j] £ 
Hom^(r/,a;). the preceding assertion shows that for every j and v G iiom{r]{Vx ) , uj{Vx )) , 
there is a linear form / (see 2.5) such that f{x) = Tr(i; o Uj). If x = 0, then Uj = for all 
j and therefore / is injective. D 

Proposition 4.3.3 Let A be a unitarizable Hopf *-algebra and let rj : Uf{A) — > TC be a 
*-fibre functor. Let Z be the A-Galois extension associated to the fibre functor on Co/(^) 
defined by rj (2.3). Then Z is an A-*- Galois- extension endowed with a positive and faithful 
Haar measure. 
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Proof. By 2.3 we have Z = Hom^(?7,u;) and the Hopf algebras A and End'^(c<;) (2.3) are 
identified [uj is the forgetful functor). 

Step 1. Let us describe the Haar measure on Hoin^(?7,Li;). We know that Coj(^) is 
semisimple. Let A be the set of isomorphism classes of irreducible comodules. For every 
A G yl, let us choose a representative Va. By lemma 4.3.2 we can define {i = ©^^g^^A 
where ^a = if A / 1 (the trivial comodule class) and /^i = 1. It is easily seen that // is 
the Haar measure. 

Step 2. We now construct the involution on Hom^(?7,Lj) . It is given by [1^,^]* = [V,u] 
on the Hopf algebra End^(a;). 

Let (VjCpv) be a unitary comodule. Let 

Ev = m^ o V{(l>v) o Vyy : ri{V) (g) r]{V) — > C 

Ky = r]yy o ri{Kv) o r/i : C — > ri{V) ® r]{V) 

(where ny is the duality map defined in 3.3). Let r]iy,(t)y) = {ri{y),(f)'y). By the unicity 
of duals in monoidal categories, there is a unique isomorphism Xy : rjiV) — > rj{V) such 
that (/>'y = Ey o [\y (g) Ij^(v')) ^iid k'y = {^■q[y) <^ \y ) o Ky (with Ky as in 3.3). 

Let / : (y, </>v) — > {W,(l)w) be a map of comodules, Then we have \w ° v{f) = 
^(7)oAv- Indeed ry(/) is the only map such that 0',^o(ry(/)(g)l^(vi/)) = </''h/o(1;^«'??(/)*): 
it is easy to check that A^ o rj{f) o Ay satisfies this equation (use r/(/*) = r]{f)*). 

This fact allows us to define a semi- linear endomorphism of Hom^(r7,Li;) denoted a : 
a{[V,v]) = [V,Xy ov]. The isomorphisms Ay are monoidal in an obvious way since they 
are unique. Hence a is anti- multiplicative (we leave the formal verification to the reader). 

It remains to show that a is involutive. Let (V, (py) be an unitary A-comodule. We have 
a'^{[V,v]) = [V,XyoXyov] = [V,r]{ny^)oXyoXyovony] = [V,r]{fiy^)oXyoXvoHjj(^v)°i']- 
Therefore it is sufficient to show that r]{fiy ) o Ay o Ay o fi^^i^y^ = lri{v) ■ Let k = Xy o Jn(v) '■ 
r]{y) — > ^(^): A; is a semi-linear isomorphism. We use 3.5 now. We have: 

tk = (t>'y o (Ay^ ® l^(y)) = Ey : 7]{V) ^ 7]{V) -^ C 

tk = {ln(V) ^ Ay) oK'y = Ky:C — > r]{V) r]{V) 
(with the same notations as in the beginning of step 2). Moreover 

(+) 4-1 = <P^ ° iU^iv) ° Ay o j^(y)) l^^^p : r,{V) ^ r,{V) -^ C 

By 3.5 we have t/^-i = (tk)* = rj^ ° vii^y) ° Vyy {'^^ use the fact that rji et rjyy are 
unitaries). It is immediate that Ky = (j>y o fiy ly , hence 
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■fc-i =Vl °V{(l>v)°'nyy°{v{f^v)(Ell^(v)) 



= EyO {riiixv) l^(y)) = 4^ o ((Ay o ??(/iy)) ® l^(y)). 
Combining this equality with (+), and using the fact that i;^^is non degenerate, we get 

ir,(y) °^V° Jr,(V) = ^^y ° ^(A^v), hence Ay o j^^ o j^(y) = A^^ o r?(/iy). 
This shows that r]{iiy ) o Ay o Ay o n^ty\ = l,;(y), and thus o" turns Hom^(r/, cj) into a 
*-algebra. 

It is easy to see that the coaction Hom^(r/, cj) — > End^(a;) (g) Hom^ (ry,Lj) is *- 
homomorphism. 

Step 3. It remains to show that the Haar measure is positive and faithful. Let a € 
IIom^(r/, u;) with a = YliO-i where aj = [Vi,t;j] and the Vis are distinct irreducible co- 
modules (see lemma 4.3.2). If i 7^ j we have ^{a*aj) = since C does not appear as 
a subcomodule of Vi Vj (By duality Hom(C, Vi (8" V^)^^Hom(Vi, Vj)). Therefore it is 
sufficient to show that ii{a*a) > with a = [F, f ] 7^ and V irreducible. 

We have a*a = \y ^V^rfy y o ((Ay o u) v)] (Ay is defined in step 2). 

Let 4)v be an invariant scalar product on V and let (/>y be a scalar product on rjiy) 
such that ri{V, 0y) = {ri{V), 4>'y). Let a = 0y o ^y G C : a > (if A is commutative then 
a = dimy). Let p = a^'^<j)y o (j)y: p is a projection in End(y ® V). Hence we have 



a a 



[V ® V, r]{p) orjyyo ((Ay ov)(g) v)] + [V(S)V, 7/(1 - p) 



The trivial comodule C appears exactly once in the decomposition oi V ^ V into 
irreducible comodules. Hence fi{[V ^ V,ri(l — p) o . . .]) = 0. On the other hand 

[V O V, rj{p) o ?jyy o ((Ay ov)® v)] = a~^ [C, r/((/)y) o ?jyy o ((Ay o U) (g) u) o (^^] 
= ""H^r^ ° '?(<Av) o ^,y o (Ay l^(y)) o (U O l^(y)) o (ly (g) v) o </>;;».[€, ^1] 

= a"H</''y ° (^'«' lr,{V)) ° (ly «> «) o </'y)[C^^i] 

= a-^{(t)v o{ly®v*)o {ly (^v)o d^*y) [C, r/i] 

= a-l((ly®^^)o0^)*o((ly®^)o(/);^)[C,^l]. 
This constant is strictly positive (see definition 3.2.1), therefore the Haar measure is pos- 
itive and faithful. D 

We are now ready to state our equivalence of categories. Let ^ be a unitarizable Hopf 
*-algebra. Recall that Gal* (A) is the category of 74-*-Galois extensions endowed with a 
positive Haar measure (definition 4.2.4) and that Fib*(yl) the category of *-fibre functors 
on Uf{A) (definition 3.4.3). 

Theorem 4.3.4 Let A he a unitarizable Hopf *- algebra. There is a functor Gal* (A) — > 
Fib*(74) (given on the objects by proposition 4-3.1) which is an equivalence of categories. 
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Proof. Step 1. Let us first define the functor. Let Z be an ^-*-Galois extension endowed 
with a positive Haar measure and let r/^ : Uf{A) — > Tt the *-fibre functor constructed in 
proposition 4.3.1. We use the functor from 2.2 : Fib(^) — > Gal(^). Let / : Z — > T be 
a morphism of Gal* {A) . A morphism of fibre functors u : ry^ — > r]^ is associated to / in 
the following way: let {V, (py) be a unitary A-comodule, uy = ly ® f '-V f\ Z — > V AT. 
We must show that uy is unitary (for the scalar products defined in step 2 of the proof 
of proposition 4.3.1). Choose (wi)i<j<n an orthonormal basis of V and {<^j)i<j<p an 
orthonormal basis oiV /\Z. Let aj = Yll^=i '^i ^ ^ij where (•Zjj)i<i<n,i<j<p are elements of 
Z. The basis i'yj)i<j<p is orthonormal if and only if ^^ z*jZik = 6jk for all j and k. Since 
/ is a *-homomorphism the map uy preserves orthonormal bases and is unitary. 
Thus we have defined a functor Gal*(^) — > Fib* (A). 

Step 2. Let us now define a functor Fib* (A) — > Gal* (A). We use the functor defined in 
2.3 and proposition 4.3.3. Let r] and 9 be *-fibre functors, and let u € U^{r], 6) a monoidal 
unitary isomorphism. We must show that the morphism of Galois extension 

/ :Hom^ (r/,Lj) — > Yioui^ {9 , u) , [V,v] i — > [V^uyov] 

is a *-homomorphism for the involutions constructed of step 2 in the proof of proposition 
4.3.3. We use the notations of step 2 in the proof of proposition 4.3.3 with a mark r] or 9 
to label the functor. 

Let (VjCpy) be a unitary A-comodule with ri{V,4>y) = {ri{V),(^y) and 9{V,(j)y) = 
{9{V),4). We have f{[V,v]*) = /[F,A^ oU]) = [V,Uy oXlov] and f{[V,v]r = [V,uy o 
v]* = [V, Xy ouy ov]. Therefore it is enough to see that uyoX^ = Xy ouy. The following 
equalities hold : 

UcO?]i=9i ; UCO r]{<j)y) = 9{(f>v) o Uy^y ; Uy^y o ?jyy = 9yy o {uy (g) uv) 
Cl)y =9^^ o9{(l)v)o9yyO{Xy(g,lg(^y)) ; 4>y = fjl'^ O ri^Cpy) O ?jy ^y O {X^^^ (g) l^(^y^) 

Since u is unitary, we have (py o uy (g) uy = (py . This equality implies: 

9{(t>y)o9yyO{Xy(g)l^l^y))o(uy(g)Uy) = lie O 7?(0y) O ^^^ O (A^ (g) 1^(1/) ) 

V) o Uy^v ° Vyy ° (K <^ l,?(y)) 
V) o ^vy ° {Uy (^ Uy) o (A^ (g) l^(v)) 
hence 9{(t>y) O 9yy O {{Xy O Uy) (g l^(^v)) = 9{(j)y) O 9yy O {{uy O A^) g) Ir^iy)). 

The map 9{(j)y) o 9y y is non-degenerate and therefore we have the desired equality. 

Thus the functor from 2.3 Fib(A) — > Gal(^) gives rise to a functor Fib*(^) — > 
Gal* (A). 

Step 3. Let us show that the functors defined in step 1 and step 2 are quasi-inverse. We 
use 2.4. 
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Let Z be yl-*-Galois extension endowed with a positive Haar measure. Let rf^ be 
the associated *-fibre functor and let / : Hom^(r/|',u;) — > Z be the isomorphism of 
2.4. Let (y, 0;/) be an unitary A-comodule and let x G F A Z and (;^ G T^*, we have 
/([y, (^(8)x]) = (0(8) Iz) o (ly "XiefS) Iz) o [oLy ® \z){x). The reader will easily check, using 
orthonormal bases, that / is a *-homomorphism (the isomorphism V l\Z — > V l\ Z \s. 
given in step 1 of the proof of proposition 4.3.1). 

Let ^ be a *-fibre functor. Let us recall how the fibre functor isomorphism 7 : Q — > 
7]'^ y,„ . from 2.4 is constructed. Let {y,<j)) be a unitary comodule with orthonormal 

basis {vi)i<i<_n and let (xj)i<j<p be an orthonormal basis of {OiV), (I)'y)- We have ^v{xj) = 
X^j 'Vi<8[V^,t;*(8'Xj]. Let Zij = [V,v^(SiXj]. To show that is unitary, it is enough to see that 
J2i z*jZik = Sjk for all j and k (see step 2 in the proof of proposition 4.3.1). We have z*jZik = 

[V(^V,9yyo{{Xyo{v* (g) Xj))(g){v*(^Xk)] = [V0V,eyyo{Xv(g)l^(^v))°{iv*(^v*)(g{xj(gXk))]. 
Hence 

n 
y^ ZijZik =[V i^V, 9yy o (Ay ® l^(y)) o {Xj ® Xk) o 0y] = [C, 61 o (f)'y o Xj ® Xk] = 
i=l 

(5jfc[C, ^1] = 6jk^- The proof is now complete. D 

Corollary 4.3.5 Let A he a unitarizable Hopf *-algebra and let Z be an A-*-Galois ex- 
tension. A positive Haar measure on Z is faithful. 

Proof. Assume there is a positive Haar measure on Z. By theorem 4.3.4 and proposition 
4.3.3 Z is isomorphic with an ^-*-Galois extension whose positive Haar measure is faithful. 
The Haar measure on Z is unique and hence must be faithful. D 

4.4 The spectrum of a A-*-Galois extension 

Theorem 4.4.1 Let A be a unitarizable Hopf *-algebra and let rj : Uf{A) — > 7i be a 
*-fibre functor. Then there is a bijection (to is the forgetful functor): 

[/®(r/,w) ^Hom,_alg(Hom^(?7,a;),C). 

Proof. Recall that r/ may be seen as fibre functor on Cof{A). Hence by 2.5 there is a 
bijection : 

Hom®(ry,a;) — > Homc-alg(Hom^(ry,a;), C) 

which associates to u G Horn® (ry, uj) the linear form /„ with fuiYliWii ^i]) — Si Tr(uv'- ovi). 
We will use the notations of step 2 in the proof of proposition 4.3.1 (and of steps 2 and 3 
in the proof of theorem 4.3.4). 

Let u G U®{r],u)) and let {V,(t)v) be a unitary A-comodule. We have fuiWjv]*) = 
Tx{uyo\yov) and /u([V, v\) = Tr(uy o v). We want to show that /„ is a *-homomorphism. 
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It is enough to see that uy o Ay = uy , which is a particular case of step 2 in the proof of 
theorem 4.3.4. 

Let u G Hom®(r7, w) such that /„ is a *-honiomorphism. Then for every unitary A- 
comodule {V,(j)v) we have Uy o Xy = uy, hence (j)v o (uy (g) uy) = (j)y o [uy (8> uy) o 

(Ay ® lr,(y)) = 4>V o Uy^y O ?jy y O (Ay (g) l^(y)) = Uq O r]{(j)y) O ?fyy O (Ay (g> l^(y)) = 

rJY^ o ri{(j)y) orjyyO (Ay (8) l,,(y)) = 4>y, hence uy is unitary and u E [/®(r/, w). D 

4.5 Hopf *-co-Morita equivalence. 

We rewrite subsection 2.6 in the context of unitarizable Hopf *-algebras. 

Definition 4.5.1 Let A and B be two unitarizable Hopf *-algebras. Then A and B are 
said to be Hopf *-co-Morita equivalent if there is a monoidal *- functor F : lAf{A) — > 
Uf{B) with unitary monoidal constraints, which is an equivalence of categories. 

Let ^ be a unitarizable Hopf *-algebra and let rj : Uf{A) — > Ti be *-fibre functor. 
Then the Hopf algebra End^(r/) can be endowed with a Hopf *-algebra structure and 
a positive and faithful Haar measure (use the proof of proposition 4.3.3 or p^ ). The 
unitarizable Hopf *-algebras A and End^(r;) are Hopf *-co-Morita equivalent. Moreover A 
and End^ {rj) are isomorphic if and only if there is a monoidal *-equivalence (with unitary 
monoidal functor constraints) F : Uf{A) -^ Uf{A) such that the *-fibre functors uj and 
rj o F are isomorphic {to is the forgetful functor) . 

5 C*-nornis on a Galois extension 

Let ^ be a unitarizable Hopf *-algebra and let Z be an yl-*-Galois extension endowed 
with a positive Haar measure. Theorem 5.2.1 ensures the existence of a C*-norm on Z. 
This theorem is a generalization of theorem 4.4 in |^. It allows us to find another proof 
of the Doplicher-Roberts' unicity theorem for symmetric *-fibre functors. The notion of 
Galois extension for a compact quantum group is introduced. 

5.1 Structure of Galois extensions 

Theorem 5.1.1 Let A be a unitarizable Hopf *-algebra and let Z be an A-*-Galois ex- 
tension endowed with a positive Haar measure. Let A be the set of isomorphism classes of 
irreducible comodules. For A G ^, let nx be the dimension of a representative of X. Then 
there is a decomposition Z = ^^^Z{X), where Z{X) is a sub-A-comodule of dimension 
nx X px and px is a positive integer. For all X G A, there is a basis (•Zjj)i<j<n;^,i<j<pA 
of Z{X) such that Yl^=i^ij ^ik ~ ^jk ^'^'^ J2^jLi ^ij^kj ~ ^ik- Moreover there is a basis 
('^ij)i<tj<nx ^f ^ ^'"'^^ ^^"'^ '^"'^^ matrix (a^j) is unitary and aziz^j) = YH^Li "-ik ^ ^kj- 
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Proof. By theorem 4.3.4 there is a *-fibre functor rj on l{f{A) such that Honi^(r/, to) = Z. 
Thus by lemma 4.3.2 there is an isomorphism / : ^^^^}iom{uj{V\),r]{Vx)) — > Z. Let 
Z{X) = f{}ioni{uj{Vx),rj{Vx)). The dimension of Z{X) is obviously equal to nx x px where 
Px = dimr7(y\). Let us choose orthonormal bases of Vx and i]{Vx)- The first equality was 
shown in step 3 of the proof of theorem 4.3.4 and the second one can be proved in the 
same way. The proof of the last assertion is straightforward. D 

Remark 5.1.2 Let A be Hopf algebra such that Cof{A) is semisimple and let Z be an 
A-Galois extension. It is not hard to show that there is a decomposition Z = ^^^^ ^W 
without using the Hom^. It is even a simplified way to prove Ulbrich's theorem in that 
case, avoiding minimal models from [0]. Then theorem 5.1.1 can be proved only using 
the proof of proposition 4.3.1. 

5.2 Construction of a C*-norni 



Let ^ be a unitarizable Hopf *-algebra and let Z be an A-*-Galois extension endowed 
with a positive Haar measure. Let p be a C*-semi-norm on Z. We have p{zfj) < 1 for all 
the z^A^s of theorem 5.1.1. (see the first formula in this theorem). Hence the upperbound 
of C*-semi-norms exists on Z. 

Let us consider the regular representation L : Z — > End(Z) defined by L{x){y) = 
L{xy). Let us note that Z is prehilbert space, with (x,y) = n{x*y) (the Haar measure 
H is faithful by corollary 4.3.5). We deduce from the first formula of theorem 5.1.1 that 
L{x) is continuous for all x € Z, and thus can be extended to a bounded operator on 
H, the Hilbert space completion of Z. In this way we have a faithful *-representation 
L' : Z — > B{H) (where B{H) is the algebra of bounded linear operators on H). We have 
proved a generalization of theorem 4.4 in Q: 

Theorem 5.2.1 Let A be a unitarizable Hopf *- algebra and let Z be an A-*-Galois exten- 
sion endowed with a positive Haar measure. Then there is a C*-norni on Z . Furthermore 
the upperbound of C* -semi-norms exists on Z (and hence is a C*-norm). 

As an application of this result, we give a proof Doplicher-Roberts' unicity theorem for 
symmetric *-fibre functors on the category of unitary representations of a compact group. 
Let G be a compact group and let R{G) be the unitarizable Hopf *-algebra of representa- 
tive functions on G. Let Uf{G) be the monoidal *-category of finite-dimensional unitary 
representations of G. Obviously the categories Uf{G) and Uf{R{G)) are identical. More- 
over Uf{G) is endowed with a unitary symmetry (see |p, 1.7) since R{G) is commutative 
and thus Uf{R{G)) is a symmetric monoidal *-category. A *-fibre functor on Uf{G) is said 
to be symmetric if it is symmetric as a monoidal functor. We get (Q, 6.9): 

Theorem 5.2.2 Let G be a compact group. Any symmetric *-fibre functor on lAf{G) is 
(unitarily) isomorphic to the forgetful functor. 
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Proof. Let r/ be a symmetric *-fibre functor and let uj be the forgetful functor. We must 
show that U®{ri,uj) ^ 0. By theorem 4.4.1, U®{rj,uj) and Hom^<_aig(Hom'^(77,a;), C) can 
be identified and by theorem 5.2.1 there is a C*-norm on Hom^(r/, w). But Hom^(?7,u;) 
is commutative since i] is symmetric. The Gelfand-Naimark theorem then ensures that 
Hom^_aig(HomV(r/,u;),C) ^ 0. D 

5.3 Galois extension for a compact quantum group 

We give a unusual definition of compact quantum group. However, it is equivalent to clas- 
sical ones (||2^, ^4], |7[, see [^] for an expository text), thanks to the works of Woronowicz 
and Van Daele (see below). 

Definition 5.3.1 A compact quantum group is a pair (j4, ||.||) where A is a Hopf *- 
algebra and \\.\\ is a C*-norm on A such that the comultiplication is continuous. The Hopf 
*-algebra A is called the algebra of representative function on the compact quantum group. 

Let (^4, ||.||) be a compact quantum group. Let A be the C*-algebra completion of 
A and extend A to a *-homomorphism A : A — > A^A. The conditions of theorem 2.4 
in |21] are fulfilled since A is a Hopf algebra. Hence there is a state fj, on A such that 



^^ (_p = ip ^ H = H where fj,* (f = {fi0(p) o A. Then /i is a Haar measure on A and by |24|, 
4.22, /i is faithful on A : fi{a*a) > when a ^ (see also [^]). Hence A is a unitarizable 
Hopf *-algebra. 

Conversely, any unitarizable Hopf *-algebra is the algebra of representative functions 
on a compact quantum group: see M or 5.2.1. 



Our definition is a mix between the topological definition of Woronowicz [26| and the 
algebraic one of Dijkhuizen an Koornwinder Q. It keeps some topological flavour but does 
not hide the group structure. 

Definition 5.3.2 Let {A, ||.||) be a compact quantum group. An (A, ||.||)-Galois extension 
is a pair {Z, ||.||) where Z is an A-*- Galois extension and \\.\\ is a C*-norm on Z such 
that the coaction az is continuous. 



Example 5.3.3 1) Let (^, ||.||) be a compact quantum group. Then (A, ||.||) is an 
(^, ||.||)-Galois extension. 

2) Let (^, 1 1 . 1 1 ) be a compact quantum group and let Z be an 74-*-Galois extension endowed 
with a positive Haar measure. Let 1 1 . | |oo be the upperbound of C*-semi-norms on Z. Then 

(Z, 1 1. 1 loo) is an [A, ||.||)-Galois extension. 

Actions of compact quantum groups on quantum spaces were considered by Podles in 
[15|. Theorem 1.5 in p^] shows that our definition of actions (with the existence of a dense 



comodule-algebra) is the same as the one given in J^]. Measure theory can be deduced 
from topology: 
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Theorem 5.3.4 Let {A, ||.||) be a compact quantum group and let (Z, ||.||) be an (A, \\.\\)- 
Galois extension. Let A (resp. Z) be the C* -algebra completion of A (resp. Z). There is 
a state ^ on Z such that for every state ip on A, then ip* fj, = fi (where ip* /j, = (ip0fj,)oaz 
and Oiz has be extended in az '■ Z — > A^Z). Moreover if z ^ Z is a positive (as an 
element the C* -algebra Z) non-zero element, then /z(z) > 0. In particular /j, is a positive 
Haar measure on Z . 

Proof. Let us first remark that there is a faithful Haar measure on Z by proposition 4.2.5 
and corollary 4.3.5. But the assertion in the theorem is more precise. 

Let J be the Haar measure on A given by theorem 2.4 in |^T| and let ijj he a state on 
Z. Then fj, = J * tp is a positive Haar measure on Z by proposition 4.2.5, and does not 
depend on the choice of the state tp by proposition 4.2.2. Clearly jj, satisfies the first claim 
in the theorem. 

We follow the ideas of the proof of (4.22) in [^]. Let z G Z be a positive element of Z 
such that fi{z) = 0. Then for every state p on Z, we have that z * p = 1a ^ Pi'^ziz)) S A 
is a positive element of A. But J{z * p) = J * p{z) = /i(z) = {J * p = fi), therefore 



z * p = hy |24], 4.22. Every continuous linear functional on Z is a linear combination of 



states and hence z * p = for every continuous linear functional Z. 

Let us use theorem 5.1.1 : Z = ©^^Z(A) with basis (z^j) and A = (B^^^A{\) with ba- 
sis (afj), such that az{zl-) = ^^ '^^k^^kj- ^^^ F he a finite subset of A and let ^f- he com- 
plex numbers such that z = Y,x&F J2i,j Cij^j- Then z*p = ^^^p T.i,j,k^ijPi4j)"'^k = 
and hence Ylj^ijPi^kj) ~ ^ ^^'^ all A G F and all i and k (the a^'s are linearly inde- 
pendent). This is true for every continuous linear functional p on Z. But the {z^jYs are 
linearly independent, and therefore the Hahn-Banach theorem ensures that ^^, = for all 
i and j, which means that z = 0. D 



6 Universal Galois extensions 

In this section we introduce universal Galois extension. They are useful to ensure the 
existence of a positive Haar measure on a Galois extension. As an application, the example 
found in 2.7 is adapted to the compact quantum group setting and gives rise to a Galois 
extension for the compact quantum group Uq{2). 

6.1 The C*-algebra generated by an unitary matrix 

We first define an important class of C*-algebras. 

Let us fix some notations. Let A be a *-algebra, and let a = {aij)i<i<n,i<j<p £ 
Mn,p{A). We define a = (a*j)i<i<n,i<i<p and a* = (a^j)i<j<p,i<i<n € Mp,„(^). We wih 
say that a is unitary if a*a = Im ,a) ^^^ ^^* ~ ^Mn(A) and we will write a*a = aa* = 1. 

Definition 6.1.1 The *-algebra O^p is the universal *-algebra generated by a unitary 
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{n,p) -matrix: O'^p is the quotient of C{ajj, a*}i<j<n,i<j<p by the two-sided *-ideal gen- 
erated by the 2np relations aa* = a* a = 1. 

It is easily seen that there is a non-trivial *-representation of O^p on a separable 
Hilbert space, and hence a C*-semi-norm on O'^^. 

The upperbound of C*-senii-norms on 0° „ exists since the matrix a is unitary . For 
all X € 0° , let ||x||oo = sup ||7r(x)|| where vr runs over all Hilbert space *-representations 
of O'^p. Let N = {x £ 0"p, ||x||oo = 0}. Then A^ is a two-sided *-ideal of O'^p and ||.||oo 
produces a C*-norm on O'^^p/N. 

Definition 6.1.2 The C* -algebra On^p is the C* -algebra completion of O^ jN with re- 
spect to 1 1. 1 loo- 

Universal property of On,p'- there is an obvious *-homomorphism i : 0° — > On,p 
and if vr : 0° — > B is a *-hoinomorphism into a C*-algebra B, there is a unique 
*-homoinorphisin fr : On,p — >■ B such that vf o z = vr. 

There is a *-algebra isomorphism ip : O^^p — > 0°^ given by (p{aij) = a*^, and thus by 
the universal property the C*-algebras On,p and Op^n suce isomorphic. 

When p = 1 the C*-algebra 0„,i is isomorphic to the Cuntz algebra On (Q). If n 7^ 1, 
then On is a simple C*-algebra (||5[). The following question arises naturally: if n / p, is 
On,p a simple C*-algebra? 

6.2 Construction of universal Galois extensions 

Definition 6.2.1 A Hopf *-algebra A is said to be a matrix Hopf *-algebra if it is 
generated (as a *-algebra) by elements {0'ij)i<i,j<n such that A(ajj) = Yli'^ij ® '^jk o^^ 
s{aij) = 5ij. 

A compact matrix quantum group is a compact quantum group (A, \\.\\) such that A 
is a matrix Hopf *- algebra 



Theorem 6.2.2 Let A be a unitarizable matrix Hopf*-algebra and let Z be an A-*-Galois 
extension endowed with a positive Haar measure. Then there is a surjective (and non 
injective) *-homomorphism ip : O^p — > Z for some integers n and p. Moreover there is 
a surjective *-homomorphism Cp : On^p — > Z where Z denotes the C* -algebra completion 
of Z with respect to an arbitrary C*-norm. 

Proof. Let r/ be a *-fibre functor on Uf{A) such that IIom'^(r/, to) = Z. Let {aij)i<ij<n be 
generators of A and let V be the obvious n-dimensional comodule associated to the (aij)'s. 
There are invariant scalar products on V and V, and for every object W olUf{A), there 
is an isometry from W into a direct sum of tensor powers of V and V. This fact implies 
that YLora^ {r] , to) and therefore Z is generated as a *-algebra by elements {zij)i<i<n,i<j<p 
where p = dim.r]{V). Moreover one can assume that these elements satisfy the relations 
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of O'^p (choose orthonormal bases of V and r]{V) and use step 3 in the proof of theorem 
4.3.4). We get a surjective *-honiomorphism ip : O'^ — > Z. 

The comodule V is unitarizable. Let us choose orthonormal bases of V and rjiy) : it 
is easily seen that there are matrices G G GLp{C) and F G GLn{C) such that the matrix 
FzG~^ is unitary (the matrix F is such that FaF~^ is unitary). This means that (p is not 
injective. 

Let (f : On,p — > Z be the C*-homomorphism produced by the universal property 
of On,p- Then (p is surjective since (p{On,p) is a sub-C*-algebra of Z containing a dense 
sub-algebra. D 

Remark 6.2.3 We could say that ip is not injective if we knew that the ideal A^ of 6.1 is 
trivial. 

The proof of this result leads us to the following definition: 

Definition 6.2.4 Let G G GLp{C) and let F G GL„(C). The *-algebra Al{F,G) is the 
quotient of the free *-algebra C{zij, z*}i<j<„,^i<j<p by the two-sided *-ideal generated by 
the relations zz* = z*z = 1 and FzG^^ unitary. 

When n = p and F = G, the above defined algebras are the universal quantum groups 
of Van Daele and Wang (|^): A'^{F) = A'^{F, F) is an unitarizable Hopf *-algebra (by its 
definition) , whose representation theory is studied in |^] . The following result is contained 
in the proof of theorem 6.2.2. 

Corollary 6.2.5 Let A be a unitarizable matrix Hopf *-algebra and let Z be an A-*- 
Galois extension endowed with a positive Haar measure. Then there is a surjective *- 
homomorphism ip : A^^^F, G) — > Z for some matrices G G GLp{C) and F G GLn{C). 

The next result is an useful criterion to ensure the existence of a positive Haar measure. 

Proposition 6.2.6 Let A be a unitarizable matrix Hopf *- algebra with (p : A'^lF) — *• A 
a surjective * -homomorphism for some F G GL„(C). Let Z be an A-*- Galois extension. 
Assume that there is a surjective * -homomorphism tp : A°(F, G) — > Z for some G G 
GLp(C). Then there is a positive Haar measure on Z. 

Proof. Let {0'ij)i<i,j<n be the generators of A provided by ip: we have a*a = aa* = 1 and 
the matrix FaF~^ is unitary. Let V be the obvious n-dimensional unitary ^-comodule 
associated to the Oj/s with orthonormal basis vi.,... ,f„. Let {zij)i<i<.n,i<j<p be the 
generators of Z provided by ip: we have zz* = z* z = 1 and FzG~^ is unitary. 

By theorem 4.3.4 it is sufficient to show that the fibre functor rjz : i^fiA) — *• Vect/(C) 
of 2.2 factorizes through a *-fibre functor ry^ : Uf{A) — > Ti. 

We first show that the maps defined in step 1 of the proof of proposition 4.3.1 are 
scalar products on V A Z and V A Z. Let CTj = SjUj (g) Zij. It is obvious that (aj) is 
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an orthonormal basis for V A Z. Now let t = (tij) = FzG~^ and let IZJi, . . . , w7„ be an 
orthonormal basis of V. It is easy to check that the elements Tj = ^^ aJj (^ tij belong to 
V A Z and that (tj) is an orthonormal basis for the sesquilinear map defined in step 1 of 
the proof of proposition 4.3.1. 

Let C be the full subcategory oiUf{A) whose objects are tensor powers of V and V. 
It is then easily seen that the sesquilinear maps defined in step 1 of proposition 4.3.1 
are scalar products for all objects of C and that the monoidal constraints are unitary 
maps. Thus we get a monoidal *-functor r/f : C — *• Ti. Every object of Uf{A) can be 
isometrically embedded into a direct sum of objects of C. Hence ry^ can be extended into 
a *-fibre functor r/^ : Uf{A) — > Ti (see lemma 6.5 in [^, the whole *-structure oilAf{A) 
is determined by its isometrics). D 

Let G € GLp{C) and let F € GL„(C). Assume that A°(F, G) is a non-zero algebra. 
Then A'^{F,G) is an A°(i^)-*-Galois extension. This can be proved in the same way we 
have shown that GLq{2, —2) is a GLq(2)-Galois extension. By proposition 6.2.6 there is 
a positive Haar measure on A^{F,G) and therefore there is a C*-norm on yl°(F, G) by 
theorem 5.2.1. Let us denote by Au{F,G) the C*-algebra completion of j4°(F, G) with 
respect to the maximal C*-norm. 

Corollary 6.2.7 Let (A, j|.||) be a compact matrix quantum, group and let (Z, ||.||) be an 
{A, \\.\\)- Galois extension. Let Z be the G*-algebra completion of Z. Then there is a 
surjective *-homomorphism -0 : Au{F,G) — > Z for some matrices G G GLp{C) and 
F G GL„(C). 

Corollaries 6.2.5 and 6.2.7 justify the term universal Galois extension for our algebras 
AZ{F,G)a.ndAu{F,G). 

We end this subsection by a discussion on the preservation of dimensions by a *-fibre 
functor. Let A be an unitarizable Hopf *-algebra and let y be a n-dimensional unitary 
^-comodule. Let r/ be a *-fibre functor on Uf{A) such that dimr]{V) = p where p ^ n. 
Let {V) be the full sub-category oiUf{A) whose objects are sub-objects of direct sums of 
tensor powers of V and V. Then (V) is a monoidal *-category with conjugation, and there 
is a unitarizable matrix Hopf *-algebra B such that hlf{B)^^(y) ( p5[| ). Hence rj induces 
a *-fibre functor on Uf{B) and we get a i?-*-Galois extension Z endowed with a positive 
Haar measure. By theorem 6.2.2 there is a surjective (and non-injective) *-homomorphism 
0° p — ^ ^- If we knew that every Hilbert space *-representation of 0° ^ is faithful (this 
is true in the Cuntz algebra case p = 1), we could conclude that n = p and that a *-fibre 
functor preserves the dimensions of the underlying vector spaces. 

6.3 A Galois extension for Ug{2) 

We use the notation and results of 2.7. We now have k = C and g G M — {0}. 
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Let us denote by Uq{2) the Hopf *-algebra whose underlying Hopf algebra is GLq{2) 
and whose *-structure is given by x^-^ = X22t, a:|2 = —q^^X2it, a;2x = —qxi2t, x\2 = 2^11^ 
and t* = z\\Z22 — '?~^-2i2^2i- It is well known that Uq{2) is unitarizable. 



Proposition 6.3.1 There is a *-algebra structure on GLq(2, —2) such that z\-y = Z22T, 

-^12 ~ Q^^^2lT7 -^ll = QTZ12, -222 = TZii et T* = Z\\Z22 + 9^"^ -212-221 • -^6^ US dcTLOte by 

Uq{2,—2) the associated *-algebra. The coaction defined in lemma 2.7.2 turns Uq{2,—2) 
into a Uq{2)-*- Galois extension. Furthermore the Haar measure on Uq{2, —2) is positive. 

Proof. We leave all the computations to the reader. The only statement which does 
not follow from routine computations is the positivity of the Haar measure. Let Fq G 

/ 1 0\ 
GL^{C) be the matrix Fq = I —q I . There is a surjective *-homomorphism 

V 1/ 
if : A'^{Fq,Fq) — > Uq{2) defined by (p{aij) = Xij if i et j < 2,ip{as3) = t and (p{aij) = 
if i > 2 or j > 2 (in particular Uq{2) is unitarizable). In the same way there is a 
surjective *-homomorphism ijj : A°(Fg,F_g) — > Uq{2, —2) defined by the same formulas. 
By proposition 6.2.6 there is a positive Haar measure on Uq{2, —2). D 

Let ||.||oo be the upperbound of (7*-semi-norms on Uq{2) and Uq{2,—2) respectively. 
Proposition 6.3.1 is translated in : 

Corollary 6.3.2 (C/g(2, — 2), ||.l|oo) is a {Uq{2),\\.\\oo)- Galois extension. 
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